The two-loop QCD radiative corrections to the B c meson leptonic decay rate are calculated in the framework of NRQCD factorization formalism. Two types of master integrals appearing in the calculation are obtained analytically for the first time. We get the short-distance coefficient of the leading matrix element to order α 2 s by matching the full perturbative QCD calculation results to the corresponding NRQCD ones. The result in this work enables the evaluation of the B c leptonic decay constant, as well as the Cabibbo-Kobayashi-maskawa matrix element |V cb |, to the full next-to-next-to-leading order degree of accuracy.
technique of differential equation and choosing certain bases of master integrals, we successfully obtain the master integrals required in the calculation of two-loop QCD corrections to B c leptonic decays.
The B c meson leptonic decays, B c → l ν l with l being e, µ, or τ , are heavy-quarkannihilation processes through axial-vector current, which are very important to the study of B c physics while have not been, but expected to be, measured. Theoretically the decay rates can be formulated as:
where V bc denotes the CKM matrix element; M and m ℓ stand for masses of B c meson and charged leptons, respectively; and G F is the Fermi coupling constant of weak interaction.
Generally, the B c decay constant f Bc is defined through the transition matrix element of charged weak current, as
which parameterizes the strong interaction effects and contains both perturbative and nonperturbative contributions.
The short-distance contribution can be isolated and calculated in perturbation theory, by matching the charged weak current in QCD to a series of operators in NRQCD.
In the rest frame of B c system, up to corrections of order v 4 , the relative velocity of heavy quarks within the meson, the matching relation reads [3] 0|bγ
where C 0 and C 2 are short-distance coefficients that depend on the heavy quark masses, renormalization scale µ, and strong interaction coupling α s . The coefficients C 0 and C 2 will be determined by matching the perturbative calculation of the matrix elements in
full QCD with what obtained in the framework of NRQCD [3] . The coefficient C 0 was obtained at one-loop order in Ref. [3] , i.e.,
This work is about to calculate the NNLO QCD corrections to the short-distance coefficient of the leading order matrix element in v 2 expansion analytically, i.e. co 2 , by which the theoretical prediction for B c leptonic decay rates will come up to the NNLO accuracy.
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G4 G5 G6 with $Apart [11] are employed to reduce all the related integrals into a set of master integrals. In one-loop case, the integrals are merely subject to two massive tadpoles.
After performing the standard renormalization procedure, we then obtain the coefficient C 0 at the order of α s , which agrees with Ref. [3] .
The topologically independent two-loop order Feynman diagrams are schemetically shown in Fig.1 , where the solid line represents for bottom quark and dashed line for charm quark. Note, within the figure, the solid-dashed lines exchanged diagrams of , and normalize the loop integrations in terms of
with γ E the Euler constant and µ the renomalization scale.
The integrals I 1 , I 2 , I 3 are just the multiplication of two tadpoles, and the integration for tadpole diagram can be found for instance in [12] . The I 4 type of integral can be obtained in this procedure: first use AMBRE-package [13] to transform the integral to Mellin-Barnes representation, then use MB-package [14] to single out the poles in ǫ expansion, and last evaluate the integral by closing a proper contour and summing up residues. In the end, we find
Except for changing m b to m c in the normalization (7), the integral I 5 is just the same as I 4 , which agrees with Ref. [12] .
I 6 can proceed in a similar way as I 4 , while with the coefficient of 1 (D−4) 2 after the reduction. Up to the ǫ 2 , the I 6 reads:
Then integral I 7 can be readily obtained the same way as I 5 . Note that the integral I 6
will serve as the boundary condition for integrals I 10−13 .
The master integrals for I 8 to I 13 are
which satisfy differential equations in x.
In deriving the differential equations for I 8−13 , the FIRE package was employed. We find the following differential equations exist:
In Ref. [7] the author suggested that properly chose of master integrals can lead to significant simplifications of the differential equations. To employ this technique, we need to find a pair of bases g 8 and g 9 , by which the above differential equations can be transformed into the following form:
Here, φ(ǫ, x) is a known function and can be expressed as harmonic polylogarithms of argument x. Note, the differential equation (16) contains poles in x = 0, −1, −2.
, with b 8 (x) and b 9 (x) being rational functions of x and can be expressed as:
by trial and error, we finally sort out two bases that satisfy the canonical form of Eq. (16), i.e.
Notice the boundary station at x = 1 can be solve the same way as I 4 and I 6 , then the integrals can be solved iteratively in terms of logarithms and polylogarithms. We use HPL-packages [15] to transform the logarithms and polylogarithms into harmonic polylogarithms with simple argument. In the end, the master integral I 8 obtained as
With (21), I 9 can be derived out from equation (14) directly.
For integrals I 10 and I 11 the following differential equations exist:
with
In solving the above differential equations, we determine the bases in a similar way as in the case for I 8 and I 9 , and then the differential equations can also be solved iteratively. Note here the logarithmic functions may appear when transforming the differential equations into the form of (16) , and the bases can transform the above differential equations into a Strictly Triangular Matrix when setting D = 4. The bases we find are
Then the analytic form of I 10 up to order ǫ 2 is obtained by solving the differential equations:
The I 11 hence can be simply obtained from Eq. (22) and will not be shown here.
The master integral I 12 can be obtained from integral I 10 by exchanging m b with m c and replacing x by 1/x, while the integral I 13 achieves in a similar way as I 11 . All the analytic results we calculated have been numerically checked with FIESTA [16] . The integral I 12 was given in [4] , while we find that the first and second terms of (5.20) on page 397 in Ref. [4] should be multiplied by a factor of 1/8.
After the calculation of master integrals in Fig.1 , one can then start the renormalizeation procedure to remove the divergences encountered. The renormalization is performed by subtracting the one-loop sub-divergencies and the two-loop overall divergencies. The quark wave functions are renormalized in the on-shell scheme, while the strong coupling constant α s is renormalized in the MS scheme. The NNLO renormalization for B c leptonic decays is similar to what shown in Ref. [17] . After performing the one-loop mass and coupling constant renormalization, and two-loop wave function renormalization, the decay width can be expressed as
which can be expanded perturbatively as:
Here a and a 0 denote respectively 
In addition to above procedure, in fact we need to add the counter term diagram in to account for mass renormalization. The one-loop coupling and mass renormalization constants as well as two-loop wave functions renormalization constants can be obtained from [19, 20] .
After the renormalization procedure, we can classify the two-loop coefficient co 2 in color factors as:
with co 1 = 3 4
being the one-loop coefficient, N L the number of light quarks. The coefficients s F , s A , s L and s H read as:
Here, the non-relativistic decay constant f N R Bc , defined as f [21] , is obtained by potential model evaluation [24] , the pole charm-and bottom-quark masses are adopted [25] , and τ (B c ) is the B c life time. For numerical estimates we take factorization scale µ f = 1 GeV to separate perturbative and nonperturbative domains and the renormalization scale µ is set to be at bottom quark mass. In the end, the decay constant in MS renormalization scheme can be expressed as:
With which, we can immediately obtain the branching ratios of B c leptonic decays at NNLO accuracy, i.e.,
The branching fraction of B c decay to positron and neutrino is much smaller than the numbers in above as expected.
It is notable that (42) indicates that the NNLO corrections are greater than the NLO corrections, similar as the case of quarkonium leptonic decays. However, the recent result on 3-loop corrections for Υ leptonic decays turns out that the N 3 LO contribution is small and the renormalization scale dependence is greatly reduced [26] .
In summary, we calculated analytically the two-loop QCD corrections to B c meson leptonic decays in the framework of NRQCD. All the master integrals were achieved analytically by means of Mellin-Barnes integral or Differential Equations. We expanded our analytic result in parameter x = mc m b
to the second order and only find a partial agreement with the result in previous calculation. To confirm our calculation, we restudied the NNLO QCD corrections to heavy quarkonium leptonic decays and can fully reproduce those results in the literature. With proper inputs, we numerically computed the B c leptonic decay widths to the full next-to-next-to-leading order degree of accuracy, and found the the NNLO corrections are remarkable. This calculation may be helpful as well to the precision measurement of Cabibbo-Kobayashi-maskawa(CKM) matrix element |V cb | when the B c meson decay constant is well determined by lattice QCD calculation.
